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UNIVERSAL DEFORMATION RINGS OF MODULES FOR GENERALIZED BRAUER
TREE ALGEBRAS OF POLYNOMIAL GROWTH
D. MEYER, R. SOTO, D. WACKWITZ
ABSTRACT. Let k be an arbitrary field, Λ be a k-algebra, and V be a Λ-module. When it exists, the
universal deformation ring R(Λ, V ) of V is a k-algebra whose local homomorphisms from R(Λ, V )
to R parametrize the lifts of V up to RΛ, where R is any appropriate complete, local commutative
Noetherian k-algebra. Symmetric special biserial algebras, which coincide with Brauer graph alge-
bras, can be viewed as generalizing the blocks of finite type p-modular group algebras. Bleher and
Wackwitz classified the universal deformation rings for all modules for symmetric special biserial
algebras with finite representation type. In this paper, we begin to address the tame case. Specif-
ically, let Λ be a symmetric special biserial algebra of polynomial growth which coincides with an
acyclic Brauer graph algebra. We classify the universal deformation rings for those Λ-modules V
with stable endomorphism ring isomorphic to k. The latter is a natural condition, since it guarantees
the existence of the universal deformation ring R(Λ, V ).
1. INTRODUCTION
Let k be an arbitrary field, Λ a finite dimensional k-algebra, and V a finitely generated Λ-
module. It is natural to inquire if it is possible to lift V over other complete local commutative
Noetherian k-algebras with residue field k. According to Bleher and Velez [BVM12, Prop. 2.1], if
Λ is self-injective and the stable endomorphism ring of V is isomorphic to k, then there exists a
particular complete local commutative Noetherian k-algebra R(Λ, V ) with residue field k and a
particular lift U(Λ, V ) over this algebra which is universal with respect to all isomorphism classes
of lifts of V over all such k-algebras. The ring R(Λ, V ) is called the universal deformation ring of
V and the the isomorphism class of U(Λ, V ) is referred to as the universal deformation of V.
Note that when the k-algebra is a group ring, kG,where k is a field of positive characteristic and
G is a finite group, then this question of lifting modules has a long tradition. Indeed, not only are
lifts of V to complete local commutative Noetherian k-algebras studied, but also lifts to arbitrary
complete local commutative Noetherian rings with residue field k. This allows us to better under-
stand the connections between representations of groups in characteristic p and characteristic 0.
For example, Green [Gre59] showed that if k is the residue field of a ring of p-adic integers O and
if there are no non-trivial 2-extensions of a finitely generated kG-module V, then V can be lifted
to O. This led Auslander, Ding, and Solberg [ADS93] to consider more general lifting problems
of algebras over Noetherian rings. Then as a consequence of his work on the lifts of tilting com-
plexes, Rickard [Ric91b] generalized Green’s result to modules for arbitrary finite rank algebras
over complete local commutative Noetherian rings. In [BW19], Bleher and Wackwitz show that ev-
ery indecomposable finitely generated Λ-modules has a universal deformation ring and describe
these rings as a quotient ring of a power series ring over k in finitely many variables, when Λ is an
indecomposable finite dimensional k-algebra that is stably equivalent to a self-injective split basic
Nakayama algebra over k. In particular, Bleher and Wackwitz described universal deformation
rings of finitely generated indecomposable non-projective modules of Brauer tree algebras.
In this paper we begin to generalize the results in [BW19] and study the case when Λ is a domes-
tic generalized Brauer tree algebra over an arbitrary field k. In particular, we focus on generalized
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Brauer tree algebras with e edges and where all vertices have multiplicity one, except two ver-
tices with multiplicity 2. Note that the class of Brauer graph algebras has been shown to coincide
with the class of symmetric special biserial algebras [Rog98, Sch15]. The latter were first studied
Gelfand and Ponomarev [GP68] and they naturally appear in modular representation theory of
finite groups [Alp93]. Moreover, the representation-finite blocks of the group algebra kG, where
k is a field of characteristic p > 0 and G is a finite group, are Morita equivalent to special biserial
algebras arising from Brauer trees with one distinguished vertex [Dad66, Jan69, Kup68, Alp93].
We summarize our results below; for more precise statements see Propositions 5.1, 5.2, and 5.3.
Note that details on the components of the stable Auslander-Reiten quiver of Brauer tree algebra,
Λ, referenced below can be found in Section 3.
Theorem 1.1. Let k be an arbitrary field, and let Λ be a generalized Brauer tree algebra with e edges which
has two vertices of multiplicity 2, and all other vertices have multiplicity one. Let C be a connected compo-
nent of the stable Auslander-Reiten quiver of Λ, and let V be a module belonging to C with EndΛ(V ) ∼= k.
(i) If C is an exceptional tube, then R(Λ, V ) is isomorphic to k or k[[t]].
(ii) If C is a non-periodic component and e ≥ 2, then R(Λ, V ) is isomorphic to k or k[[t]]/(t2). If e = 1,
then R(Λ, V ) ∼= k[[t1, t2]]/(t21 − t22, t1t2).
(iii) If C is a homogeneous tube of rank one, then R(Λ, V ) ∼= k[[t]].
This paper is organized as follows. In Section 2, we introduce universal deformation rings
and universal deformations of finitely generated modules V for a finite dimensional k-algebra
Λ. In Section 3, we review generalized Brauer tree algebras and highlight the results that will be
instrumental in analyzing these algebras. In Section 4, we determine which finitely generated
modules V of certain Brauer tree algebras have stable endomorphism ring isomorphic to k and
use these results to prove Theorem 1.1 in Section 5.
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2. UNIVERSAL DEFORMATION RINGS
Informally, if V is a module for the k-algebra Λ, the universal deformation ring R(Λ, V ) of V is
characterized by the property that for every suitable ring R, the isomorphism class of every RΛ-
module which ”lies above” V is given by a unique local ring homomorphsim from R(Λ, V ) to R.
In other words, for every appropriate R, R-representations of Λ which extend V are parametrized
by local ring homomorphisms. We now provide a brief introduction to universal deformation
rings. For a more extensive treatment, see for example [Maz89] or [dSL97].
Let k be a field of arbitrary characteristic and let Cˆ be the category whose objects are tuples
(R, piR), where R is a complete local commutative Noetherian k-algebra with residue field k, and
piR is a projection to the residue field. If Λ is a finite-dimensional k-algebra, and V is a finitely gen-
erated Λ-module, a lift of V over an object R in Cˆ is a pair (M,φ), where M is a finitely generated
RΛ-module that is free over R, and φ is an isomorphism of RΛ-modules
k ⊗RM φ−→ V.
Thus, a lift of V to R is an RΛ-module M that is isomorphic to V when one extends scalars to
kΛ ∼= Λ.
Definition 2.1. A deformation of V over R is the isomorphism class of a lift of V to R. The set of
all deformations (to R) is denoted by DefΓ(V,R).
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The deformation functor FˆV is a functor from Cˆ to Sets, which categorically encodes information
about all the lifts of V up to R, for all R ∈ Cˆ. At the level of objects, the deformation functor sends
R ∈ Cˆ to DefΓ(V,R) ∈ Sets. That is, to say, each ring R is associated by the deformation functor to
the the set of isomorphism classes of lifts of V up to R.
Definition 2.2. If there exists an object R(Γ, V ) in Cˆ, such that R(Γ, V ) represents the functor FˆV
in the sense that FˆV is naturally isomorphic to HomCˆ(R(Γ, V ),−), we call R(Γ, V ) the universal
deformation ring of V .
Thus, if V has a universal deformation ring R(Γ, V ), then for every R ∈ Cˆ, every isomorphism
class of a lift of V to R comes from a unique local ring homorphism from R(Γ, V ) to R. In this
sense, universal deformation rings contain information about all lifts of V up to local rings with
residue field k. Note that the above definition of deformations can be weakened as follows. Given
a lift (M,φ) of V over a ring R in Cˆ, define the corresponding weak deformation to be the iso-
morphism class of M as an R⊗k Λ-module, without taking into account the specific isomorphism
φ : k ⊗R M → V . Note that in general, a weak deformation V over R identifies more lifts that
a deformation of V over R that respects the isomorphism φ of a representative (M,φ). However,
these two definitions coincide ([BVM12, Theorem 2.6]) if Λ is self-injective and the stable endo-
morphism of V,EndΛ(V ), is isomorphic to k.Note that it has been shown in ([BVM12, Proposition
2.1]) that every finitely generated Λ-module V with endomorphism ring, EndΛ(V ), isomorphic to
k has a universal deformation ring. Furthermore, Morita equivalences preserve universal defor-
mation rings ([BVM12, Proposition 2.5]). Let Ω denote the syzygy functor and suppose that Λ is
self-injective. Then we have the following result:
Theorem 2.1. ([BVM12, Theorem 2.6]) Let Λ be a finite dimensional self-injective k-algebra, and suppose
V is a finitely generated Λ-module whose stable endomorphism ring, EndΛ(V ), is isomorphic to k.
(i) The module V has a universal deformation ring R(Λ, V ).
(ii) If P is a finitely generated projective Λ-module, then EndΛ(V ⊕P )) ∼= k andR(Λ, V ) ∼= R(Λ, V ⊕
P ).
(iii) If Λ is moreover a Frobenius algebra, then EndΛ(Ω(V )) ∼= k and R(Λ, V ) ∼= R(Λ,Ω(V )).
Remark 1. Suppose Λ and V satisfy the hypothesis of Theorem 2.1, then in particular, V has
a universal deformation ring R(Λ, V ). By [BVM12, Proposition 2.1], the tangent space tV of the
deformation function FˆV which is defined as tV = FˆV (k[]/(2)), is isomorphic to Ext1Λ(V, V ) as a
k-vector space. Since R(Λ, V ) represents FˆV , then
Ext1Λ(V, V )
∼= tV ∼= HomCˆ(R(Λ, V ), k[]/(2)) ∼= Homk(mΛ,V /m2Λ,V , k),
where mΛ,V denotes the maximal ideal of R(Λ, V ). Thus, if Ext1Λ(V, V ) has k-dimension r, then
R(Λ, V ) is isomorphic to a quotient algebra of the power series algebra k[[t1, . . . , tr]] in r commut-
ing variables where r is minimal with this property.
3. DOMESTIC GENERALIZED BRAUER TREE ALGEBRAS
In this section we consider domestic generalized Brauer tree algebras. For a more detailed
description and discussion of Brauer graph algebras see [Sch18].
Let k be an algebraically closed field of arbitrary characteristic. We recall that an algebra Λ is
domestic [check reference 67] if there is a finite number of Λ-k[x]-bimodules Mi which are finitely
generated free right k[x]-modules such that all but a finite number of isomorphism classes of
indecomposable Λ-modules of dimension n, for every dimension n ≥ 1, are of the form Mi⊗k[x] V
for some i and some indecomposable k[x]-module V . If the minimal numbers of such bimodules
is d, then Λ is d-domestic. In [ES92], Erdmann and Skowronki described the stable AR quiver of
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FIGURE 1. Generalized Brauer star G having e edges, e ∈ Z+, and the two vertices
incident with edge e having multiplicity 2
a special biserial algebra of domestic representation type. Moreover, in [Duf18] Duffield was able
to give a more detailed description of the components of the AR quiver for these algebras. For
convenience we restate parts of these results here.
Theorem 3.1. [ES92, Theorem 2.1] Let Λ be a self-injective special biserial algebra. The following are
equivalent:
(i) Λ is representation-infinite domestic.
(ii) Λ is representation-infinite of polynomial growth.
(iii) sΓΛ has a component of the form ZA˜p,q.
(iv) sΓΛ is infinite but has no component of the form ZA∞∞
(v) All but a finite number of components of ΓΛ are of the form ZA∞/〈τ〉
(vi) There are positive integers m, p, and q such that sΓΛ is a disjoint union of m components of the form
ZA˜p,q, m components of the form ZA∞/〈τp〉, m components of the form ZA∞/〈τ q〉, and infinitely
many components of the form ZA∞/〈τ〉.
Theorem 3.2. [Duf18, Theorem 4.4] Let Λ be a Brauer graph algebra constructed from a graph G of n
edges and suppose sΓΛ has a ZA˜p,q component.
(i) If Λ is 1-domestic, then p+ q = 2n.
(ii) If Λ is 2-domestic, then p+ q = n.
Furthermore, if G is a tree, then p = q = n.
Let Λ be a representation-infinite Brauer graph algebra with Brauer graphG. Then by [BS03] we
know that Λ is 1-domestic if and only if (1)G is a tree with exactly two vertices having multiplicity
2 and all other vertices having multiplicity 1, or (2) G is a graph with a unique cycle of odd length
and all vertices have multiplicity 1.
The rest of this paper is focused on algebras with Brauer graphs as described in (1). Note that
these are examples of generalized Brauer tree algebras, that is the underlying graph of the Brauer
algebra is a tree with at least two vertices with multiplicity greater than 1.
In particular, we will reduce to a generalized Brauer star algebra, described as follows. Fix
e ∈ Z+ and let Λ be a generalized Brauer tree algebra with graph G with e edges all incident with
a common vertex, such that the two vertices incident with edge e have multiplicity two and all
other vertices have multiplicity 1 (see Figure 1). Then by the descriptions of Brauer graph algebras
in [Sch18] we note that the quiverQe, e ∈ Z+ (see Figure 2) is associated with the graphG in Figure
1. Thus Λ = kQe/I where I is the set of relations as described in [Sch18].
Note we can reduce to this case since all Brauer graph algebras of type (1) as described above
are derived equivalent to such a Generalized Brauer star algebra by [Kau98], and universal der-
formation rings are preserved by derived equivalences by [Ric91a, BVM17].
Furthermore, by our discussion above we have that the stable Auslander-Reiten quiver of Λ,
denoted by sΓΛ, is the disjoint union of 1 component of the form ZA˜e,e (non-periodic component),
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FIGURE 2. Quiver Qe associated with a generalized Brauer star having e edges,
e ∈ Z+, and the two vertices incident with edge e having multiplicity 2
2 components of the form ZA∞/〈τ e〉 (exceptional tubes), and infinitely many components of the
form ZA∞/〈τ〉 (homogeneous tube of rank one).
Also note that for all e ∈ Z+ and for each algebra Λ = kQe/I, we have Λ/Soc(Λ) is a string alge-
bra. In particular, all indecomposable non-projective Λ-modules are obtained combinatorially by
string and band modules (see [BMR87]). Moreover, we have that the Λ-module homomorphisms
between string and band modules have been explicitly described in [Kra91].
3.1. Band modules for Brauer Tree Algebras. A few of the results in Section 4 depend on the
unique structure of band modules for Brauer tree algebras. We highlight some important results
in this subsection. Note that by inspection, the only band modules correspond to the the word
αe−1αe−2...α1αeδ−1. For example, when e = 3 this corresponds to the band module B(3, λ) given
by
kn kn
kn kn
Jn(λ)
In
In
In
where In is the identity matrix and Jn(λ) denotes an n by n Jordan block corresponding to λ ∈ k∗.
For convenience, we will presentB(n, λ) as a representation of the bound quiverQe. Then,B(n, λ)
is the representation
where in the above 0 denotes the n by n zero matrix.
We now compute the endomorphsim ring of a band module. Let f = {f(1), f(2), . . . , f(e)} be
an arbitrary endomorphism, where f(i) is a k-endomorphism of B(n, λ)(i) ∼= kn, and
f(e) =
(
A B
C D
)
,
where A,B,C and D are n× n matrices in k.
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By inspection, commutativity along α1, α2, . . . , αn yields that B = 0 and
A = f(1) = f(2) = · · · = f(e− 1) = D.
Commutativity along δ corresponds to the statement that Jn(λ) ·A = D · Jn(λ) = A · Jn(λ). Thus,
lettingA′ denote an n by n lower triangular matrix that is constant on the diagonals, andC ′ denote
an arbitrary n by n matrix, we have that dimk(EndB(n, λ)) = n2 + n and
End(B(n, λ)) =

k[x]/(x2), if n = 1(
A′ 0
C ′ A′
)
, if n > 1.
Note that by a similar argument dimk(Hom(B(m,λ), B(n, µ))) is n2 if λ 6= µ.
We will now classify all indecomposable Λ-modules with stable endomorphism ring isomor-
phic to k by analyzing each component of the stable Auslander-Reiten quiver of Λ and thus obtain
Λ-modules guaranteed to have universal deformation rings.
4. MODULES WITH STABLE ENDOMORPHISM RING ISOMORPHIC TO K
We begin by stating an obvious lemma:
Lemma 4.1. Let e ≥ 2 and let M be a module for KQe with rad(e+1) ·M = 0. Let f ∈ End(M) which
factors through a projective. Then im(f) ⊆ soc(M).
Proof. Let r : M → Pi be any homomorphism. Note that the height of Pi is 2e+ 1 for i = 1, 2, ...e.
Hence the result follows. 
Lemma 4.2. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges labeled
1 through e (see Figure 1), where the two vertices incident with edge e have multiplicity two, and all other
vertices have multiplicity one. Let C be an exceptional tube of the stable Auslander-Reiten quiver of Λ.
(i) If e ≥ 2, the modules in C with stable endomorphism ring isomorphic to k are the string modules
M(1e−1),which we will denote by Se−1,M(αe−2 · · ·αi) for 1 ≤ i ≤ e−2, andM(αe−2 · · ·α1αeδ−1),
along with their Ω-translates.
(ii) If e = 1, the only modules V in C with stable endomorphism ring isomorphic to k are the string
modules M(α) and M(δ) = Ω(M(α)).
Proof. (i) Suppose e ≥ 2. We only need to consider the indecomposable Λ-modules starting with
the simple module Se−1 and the e − 1 Λ-modules arrived at by adding right hooks to this mod-
ule as described in [BMR87] and which we denote by M(αe−2 · · ·αi) for 1 ≤ i ≤ e − 2, and
M(αe−2 · · ·α1αeδ−1). Note that each of these modules will be in a different Ω-orbit, which coin-
cides with a different “layer” of the component, and these include all the Ω-orbits in both periodic
components. We begin by showing that each of these modules has stable endomorphism ring iso-
morphic to k and then show that modules in all other “layers” have stable endomorphism rings
whose k-dimensions is greater than 1.
First note that for the modules Se−1 and M(αe−2αe−3 · · ·αi) for 1 ≤ i ≤ e − 2, the only en-
domorphism is the identity map, thus the stable endomorphism ring for each of these must be k.
Moreover, for the moduleM = M(αe−2αe−3 · · ·α1αeδ−1),we have two endomorphisms: the iden-
tity map and the map sending the simple M(1e) = M/Rad(M) to the simple M(1e) ∈ Soc(M).
Note that the latter map factors through the projective Pe by first including the quotient module
M(δ−1) into Soc(Pe), and then projecting Pe onto M . Hence End(M) ∼= k.
We now show that for all n ≥ 1, the Λ-modules M(αe−2 · · ·α1αeδ−1(αe−1αe−2 · · ·α1αeδ−1)n),
denoted by Mn,0, and M(αe−2 · · ·α1αeδ−1(αe−1αe−2 · · ·α1αeδ−1)n−1αe−1 · · ·αi) for 1 ≤ i ≤ e − 1,
denoted byMn,i, do not have stable endomorphism isomorphic to k.Consider the moduleMn,0 for
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fixed n ∈ Z+ and note that the map sending the quotient ofM(αe−2 · · ·α1αeγ−1) to the submodule
of the same form does not factor through the projective by Lemma 4.1.
Now fix n ∈ Z+ and i ∈ {1, . . . , e − 1}. Then we know that the identity map of Mn,i does
not factor through a projective Λ-module. Now consider the submodule of Mn,i of the form
M(αe−1 · · ·αi). This module is also a quotient module of Mn,i, and the endomorphism from the
quotient module to the submodule does not factor through a projective by Lemma 4.1.
(ii) For e = 1 we notice that the only modules to consider are the following:
i. M(α); and
ii. M((αδ−1)nα) for n ≥ 1.
For M(α) we note that there are only two maps and only the non-identity endomorphism fac-
tors through the projective Λ-module thus End(M(α)) ∼= k. Fix n ≥ 1 and consider the module
M((αδ−1)nα). The identity map does not factor through the projective and we note that M(α)
is both a submodule and quotient module of M((αδ−1)nα). By Lemma 4.1 the map sending this
quotient module of M((αδ−1)nα) to the submodule M(α) does not factor through a projective.
Thus End(M((αδ−1)nα)) is not isomorphic to k. 
Lemma 4.3. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges labeled
1 through e, where the two vertices incident with edge e have multiplicity two, and all other vertices have
multiplicity one. Let C be the non-periodic component of the stable Auslander-Reiten quiver of Λ. Then
there are precisely e Ω-orbits of modules in C, and all modules in these Ω-orbits have stable endomorphism
ring isomorphic to k.
Proof. Constructing the component C we note that every module in C is an Ω-translate of the
simple module Se or one of the uniserial modules M(αe−1αe−2 · · ·αi) for i ≤ i ≤ e−1. But for any
of these modules, the only endomorphism is the identity map. Hence the stable endomorphism
ring for each of these modules is isomorphic to k. 
Lemma 4.4. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges labeled
1 through e, where the two vertices incident with edge e have multiplicity two, and all other vertices have
multiplicity one. Let C be the tube of rank 1 of the stable Auslander-Reiten quiver of Λ. Then the module(s)
B(n, λ) of C have stable endomorphism ring isomorphic to k if and only if n = 1 and λ2 6= −1.
Proof. First consider n = 1. We show that if an endomorphism of B(1, λ) factors through a
projective, then it factors through
⊕
Pe. Recall, that for U indecomposable, dimk(Hom(Pi, U))
is the multiplicity of Si in a composition series for U . By self-injectivity, the same holds for
dimk(Hom(U,Pi)). Thus, Hom(B(1, λ), Pi) = Hom(Pi, B(1, λ)) = k, for 1 ≤ i ≤ e − 1, and k2
for i = e. It is easy to see that Hom(Pi, B(1, λ)) ◦Hom(B(1, λ), Pi)) = 0 for 1 ≤ i ≤ e− 1.
Now we will show that inclusion of the radical quotient of B(1, λ) into its socle factors through
Pe if and only if λ2 6= −1. To do so, define a basis {bi,j} of Pe where be,1k ∼= Pe/RadPe, be,2 =
αe−1 . . . α1αe(be,1), be,3 = δ(be,1), be,4 = δ2(be,1), b1,j = αe(be,j) for j ∈ {1, 2}, and bi,j = αi−1(bi−1, j)
for 2 ≤ i ≤ e− 1 and j ∈ 1, 2. Also, define a basis {ci} of B(1, λ) where cek ∼= B(1, λ)/RadB(1, λ),
ce+1 =
1
λδ(ce), c1 = αe(ce) and ci = αi−1(ci−1) for 2 ≤ i ≤ e− 1. We now define linearly indepen-
dent maps r1, r2 : B(1, λ)→ P3 and s1, s2 : P3 → B(1, λ) which define bases for Hom(B(1, λ), Pi)
and Hom(Pi, B(1, λ)), respectively.
The map r1 acts by ce 7→ be,2 + λbe,3, ci 7→ bi,2 for 1 ≤ i ≤ e− 1, and ce + 1 7→ be,4.
The map r2 acts by ce 7→ be,4 and all other basis elements are sent to 0.
The map s1 acts by be,1 7→ ce, be,2 7→ ce+1, be,3 7→ λce+1, bi,1 7→ ci for 1 ≤ i ≤ e − 1 and all other
basis elements are sent to 0.
The map s2 acts by be,1 7→ ce+1 and all other basis elements are sent to 0.
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Note that s1◦r2, s2◦r2 and s2◦r1 are identically zero, while s1◦r1 sends ce to (λ2 +1)ce+1 and all
other basis vectors to zero, which is the map sending the radical quotient of B(1, λ) into its socle.
Therefore, Hom(P3, B(1, λ)) ◦ Hom(B(1, λ), P3) = 0 if and only if λ2 = −1. Since End(B(1, λ))
is two-dimensional, and the identity map clearly does not factor through a projective, the result
follows for n = 1.
Now consider n ≥ 2 and 1 ≤ i ≤ e − 1. Since n ≥ 2, it follows B(1, λ) is isomorphic to
both a submodule and a quotient of B(n, λ). Thus, let t : B(n, λ) → B(n, λ) denote projection
onto B(1, λ) followed by inclusion. Since im(t) * socle(B(n, λ)), t does not factor through any
projective by Lemma 4.1, as rade+1 · B(n, λ) = 0. Thus, dim End(B(n, λ)) ≥ 2 and the result
follows.

Lemma 4.5. Let λ ∈ k∗. Then, Ω(B(n, λ)) = B(n,−λ−1).
Proof. First, consider n = 1 and let λ ∈ k∗. Define bases {bi,j} of Pe and {ci} of B(1, λ), and
the natural projection s2 : Pe → B(1, λ) as in Lemma 4.4. Since Pe is the projective cover of
B(1, λ), ker(s2) ∼= Ω(B(1, λ)). A basis for ker(s2) is then given by {di} where de = (be,2 −
λ−1be,3), de+1 = be,4 and di = bi,2 for 1 ≤ i ≤ e − 1. Note that δ(de) = δ(be,2 − λ−1be,3) =
−λ−1be,4 = −λ−1αe−1 . . . α1αe(be,2 − λ−1be,3) = −λ−1αe−1 . . . α1αe(de). It can be further veri-
fied that the kQe/I-module structure of ker(s2) is that of B(1,−λ−1), and therefore Ω(B(1, λ)) ∼=
ker(s2) ∼= B(1,−λ−1).
Since M → Ω(M) is a graph automorphism of the stable A-R quiver, the connected component
of B(1, λ) must be mapped onto the connected component of B(1,−λ−1). The result follows for
all n.

5. PROOF OF MAIN RESULTS
Proposition 5.1. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges
labeled 1 through e, where the two vertices incident with edge e have multiplicity two, and all other vertices
have multiplicity one. Let C be an exceptional tube of the stable Auslander-Reiten quiver of Λ.
(i) If e ≥ 2, then there are precisely e Ω-orbits of modules in C with stable endomorphism ring isomorphic
to k. Moreover,R(Λ, V ) ∼= k for the modules belonging to e−1 of these Ω-orbits, andR(Λ, V ) ∼= k[[t]]
for the modules belonging to the remaining Ω-orbit.
(ii) If e = 1, there is precisely 1 Ω-orbit of modules in C with stable endomorphism ring isomorphic to k,
and R(Λ, V ) ∼= k[[t]] for the modules belonging to this Ω-orbit.
Proof. First, consider e ≥ 2. We recall by Lemma 4.2 that the modules with stable endomorphism
ring isomorphic to k are the string modules M(1e−1), denoted by Se−1, M(αe−2 · · ·αi) for 1 ≤ i ≤
e− 2, and M(αe−2 · · ·α1αeδ−1), along with their Ω-translates.
Consider the simple module Se−1. Recall Ext1Λ(M,M) ∼= HomΛ(Ω(M),M). Since Ω(Se−1) =
M(αe−2αe−3 . . . α1αe . . . α1αe) it follows that Ω(Se−1)/Rad(Ω(Se−1)) ∼= Se 6∼= Se−1, and therefore
HomΛ(Ω(Se−1), Se−1) = 0. Therefore, Ext1Λ(Se−1, Se−1) ∼= HomΛ(Ω(Se−1), Se−1) = 0, which im-
plies R(Λ, Se−1) ∼= k.
Let Vi = M(αe−2αe−3 . . . αi) for any i ∈ {1, . . . , e − 2}. Then Ω(Vi) = M(αi−1 . . . α1αe . . . α1αe).
Since Ω(Vi)/Rad(Ω(Vi)) ∼= Se, which does not appear as a composition factor of Vi, it follows that
HomΛ(Ω(Vi), Vi) = 0. Therefore Ext1Λ(Vi, Vi) ∼= HomΛ(Ω(Vi), Vi) = 0, which implies R(Λ, Vi) ∼= k
for all 1 ≤ i ≤ e− 2.
Let W = M(αe−2αe−3 . . . α1αeδ−1). Then Ω(W ) = M(αe−1αe−2 . . . α1αe). In this case, it fol-
lows Ext1Λ(W,W ) ∼= HomΛ(Ω(W ),W ) ∼= k, as the map which sends Ω(W )/Rad(Ω(W )) ∼= Se to
Soc(W ) ∼= Se does not factor through a projective and generates HomΛ(Ω(W ),W ) . Therefore,
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R(Λ,W ) ∼= k[[t]]/J for some ideal J . To show R(Λ,W ) ∼= k[[t]], it is enough to prove W has
a lift M over k[[t]] such that M/t2M is a non-trivial lift over k[[t]]/t2. To do so, define M to be
the free k[[t]]-module of rank e + 1 where the arrows of kQe/I act via the following matrices:
αi =

Ei+1,i 1 ≤ i ≤ e− 2
tEe,e−1 i = e− 1
E1,e i = e,
and δ = Ee+1,e, where Ej,i denotes the matrix sending the ith ba-
sis element to the jth, and all other basis elements to 0. M is a k[[t]] ⊗ Λ-module, which is free
as a k[[t]]-module, M/tM ∼= W , and M/t2M is a non-trivial lift of W over k[[t]]/t2. Therefore
R(Λ,W ) ∼= k[[t]].
Now consider e = 1.Again by Lemma 4.2, the modules with stable endomorphism ring isomor-
phic to k are the string modules M(α) and M(δ) = Ω((α)). We then have Ext1Λ(M(α),M(α)) ∼=
HomΛ(Ω(M(α)),M(α)) ∼= k, since the map sending M(δ)/Rad(M(δ)) ∼= S1 to Soc(M(α)) ∼= S1
generates HomΛ(M(δ)),M(α)).
Therefore, R(Λ,M(α)) ∼= k[[t]]/J for some ideal J . To show R(Λ, (α)) ∼= k[[t]], define L to be
the free k[[t]]-module of rank 2 where the arrows of kQe/I act via the following matrices: α = E2,1
and δ = tE2,1. L is a k[[t]] ⊗ Λ-module, which is free as a k[[t]]-module, L/tL ∼= M(α), and L/t2L
is a non-trivial lift of M(α) over k[[t]]/t2. Therefore R(Λ,M(α)) ∼= k[[t]].

Proposition 5.2. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges
labeled 1 through e, where the two vertices incident with edge e have multiplicity two, and all other vertices
have multiplicity one. Let C be the non-periodic component of the stable Auslander-Reiten quiver of Λ. Then
there are precisely e Ω-orbits of modules in C, and all modules in these Ω-orbits have stable endomorphism
ring isomorphic to k.
(i) If e ≥ 2, then R(Λ, V ) ∼= k for the module belonging to e − 2 of these Ω-orbits, and R(Λ, V ) ∼=
k[[t]]/(t2) for the modules belonging to the remaining 2 Ω-orbits.
(ii) If e = 1, then R(Λ, V ) ∼= k[[t1, t2]]/(t21 − t22, t1t2) for every module belonging to C.
Proof. In Lemma 4.3 we established the modules with stable endomorphism ring isomorphic to k.
Assume e > 1. Consider the simple module Se. Then Ext1Λ(Se, Se) ∼= HomΛ(Ω(Se), Se) ∼= k,
since Ω(Se)/Rad(Ω(Se)) ∼= Se, and the projection of Ω(Se) onto Se generates HomΛ(Ω(Se), Se).
Therefore, R(Λ, Se) ∼= k[[t]]/J for some ideal J . To show R(Λ, Se) ∼= k[[t]]/(t2), define M to
be the free k[[t]]/(t2)-module of rank 1 where the arrows of kQe/I act via the following matrices:
αi = 0 for 1 ≤ i ≤ e and δ = [t]. M is a k[[t]]/(t2)⊗ Λ-module and M/tM ∼= Se.
Suppose now that R(Λ, Se) 6∼= k[[t]]/(t2). Then there must exist a non-trivial lift of Se over a ring
of the form k[[t]]/J for some ideal J ⊂ (t2). In particular, there must be a liftM ′ to k[[t]]/(t3) where
M ′/t2M ′ ∼= M . For this to be true, the arrows of kQe/I must act on M ′ via matrices which reduce
to the matrices determining the lift M modulo the ideal (t2). Additionally, every composition
factor of M ′ as a Λ-module is isomorphic to Se. Therefore, the arrows of kQe/I act on M ′ via the
following matrices: αi = 0 for 1 ≤ i ≤ e and δ = t+ d for some d ∈ (t2).
Since M ′ is a k[[t]]/(t3)⊗ Λ-module, the above matrices for M ′ must satisfy the relation
(αe−1αe−2 . . . α1αe)2 ≡ δ2 mod (t3). But since αi = 0 for all 1 ≤ i ≤ e, it follows that 0 ≡ δ2 =
(t + d)2 = t2 + 2dt + d2 ≡ t2 mod (t3), since d ∈ (t2). This gives t2 ∈ (t3), a contradiction, and
therefore, R(Λ, Se) ∼= k[[t]]/(t2).
Let V = M(αe−1αe−2 . . . α1). Then Ext1Λ(V, V ) ∼= HomΛ(Ω(V ), V ) ∼= k, since the natural projec-
tion of Ω(V ) = M(αeαe−1 . . . α1) onto V generates HomΛ(Ω(V ), V ).
Therefore, R(Λ, V ) ∼= k[[t]]/J for some ideal J . To show R(Λ, V ) ∼= k[[t]]/(t2), define N to be
the free k[[t]]/(t2)-module of rank e where the arrows of kQe/I act via the following matrices:
αi = Ei+1,i for 1 ≤ i ≤ e − 1, αe = tE1,e and δ = 0. N is a k[[t]]/(t2) ⊗ Λ-module and N/tN ∼= V .
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This is the Universal deformation of V , which is proven similarly to the previous case for Se−1.
Therefore R(Λ, V ) ∼= k[[t]]/(t2).
LetWi = M(αe−1αe−2 . . . αi) for any 1 ≤ i ≤ e−1. Then Ext1Λ(Wi,Wi) ∼= HomΛ(Ω(Wi),Wi) = 0,
since Ω(Wi)/Rad(Ω(Wi)) ∼= S1, which is not a composition factor of Wi. Therefore R(Λ, V ) ∼= k
for all 1 ≤ i ≤ e− 1.
Now assume e = 1 and consider the simple module S1. It follows that Ω(S1) ∼= M(α−1δ), and
M(α−1δ)/Rad(M(α−1δ)) ∼= S1⊕S1. Thus, there are two linearly independent maps fromM(α−1δ)
to S1 given by the natural projections of the simple summands of M(α−1δ)/Rad(M(α−1δ)) onto
S1, neither of which factor through a projective. Therefore, dim(Ext1Λ(S1, S1)) = 2, giving that
R(Λ, S1) ∼= k[[t1, t2]]/J for some ideal J .
To prove R(Λ, S1) ∼= k[[t1, t2]]/(t21− t22, t1t2), define L to be a free k[[t1, t2]]/(t21− t22, t1t2)-module
of rank 1 where the arrows of kQe/I act via the following matrices: α = [t1], δ = [t2]. L is a
k[[t1, t2]]/(t
2
1 − t22, t1t2) ⊗ Λ-module and L/(t1, t2)L ∼= S1. Furthermore, L/t1L and L/t2L are two
non-trivial lifts of S1 over the dual numbers. Additionally, they are non-isomorphic, as L/t1L ∼=
M(δ) and L/t2L ∼= M(α) as kΛ-modules.
Suppose now that R(Λ, S1) 6∼= k[[t1, t2]]/(t21 − t22, t1t2). Then there must exist a non-trivial lift of
S1 over a ring of the form k[[t1, t2]]/J for some ideal J ⊂ (t21 − t22, t1t2). In particular, there must
be a lift L′ to k[[t1, t2]]/J ′ where (t1, t2)(t21 − t22, t1t2) ⊆ J ′ and L′/(t21 − t22, t1t2)L′ ∼= L. This implies
that the arrows of kQe/I must act on L′ via matrices which reduce to the matrices determining the
lift L modulo the ideal (t21 − t22, t1t2). Therefore, the arrows of kQe/I act on L′ via the following
matrices: α = [t1 + a] and δ = [t2 + d] for some a, d ∈ (t21 − t22, t1t2).
Since L′ is a k[[t1, t2]]/J ′ ⊗ Λ-module, the above matrices must satisfy the relations αδ ≡ 0 mod
J ′ and α2−δ2 ≡ 0 mod J ′. The first relations gives 0 ≡ (t1 +a)(t2 +d) = t1t2 + t1d+ t2a+ad ≡ t1t2
mod J ′, since t1d, t2a, ad ∈ J ′. The second relation gives 0 ≡ (t1 + a)2 − (t2 + d)2 ≡ t21 − t22 mod
J ′ since t1a, a2, t2d, d2 ∈ J ′. Therefore (t21 − t22, t1t2) ⊂ J ′, which gives a contradiction. Therefore,
R(Λ, S1) ∼= k[[t1, t2]]/(t21 − t22, t1t2) .

Proposition 5.3. Let k be an arbitrary field, and let Λ be a generalized Brauer star algebra with e edges
labeled 1 through e, where the two vertices incident with edge e have multiplicity two, and all other vertices
have multiplicity one. Let C be a homogeneous tube of rank one of the stable Auslander-Reiten quiver of
Λ. Then there is at most 1 Ω-orbit of modules which have stable endomorphism ring isomorphic to k, and
R(Λ, V ) ∼= k[[t]] for all modules belonging to this Ω-orbit.
Proof. The modules in the homogeneous tubes of rank one are all of the form B(n, λ) for n ∈ Z+
and λ ∈ k∗. By Lemma 4.4, End(B(n, λ)) ∼= k if and only if n = 1 and λ2 6= −1. Therefore, we now
consider (B(1, λ)) with λ2 6= −1.
By Lemma 4.5, Ω(B(1, λ)) = B(1,−λ−1). It can be easily shown that Ext1Λ(B(1, λ), B(1, λ)) ∼=
HomΛ(B(1,−λ−1), B(1, λ)) ∼= k, as HomΛ(B(1,−λ−1), B(1, λ)) ∼= k and the map spanning this
space will not factor through a projective using a similar argument to that used in Lemma 4.4 for
the case when n = 1.
Therefore, R(Λ, B(1, λ)) ∼= k[[t]]/J for some ideal J . To show R(Λ, B(1, λ)) ∼= k[[t]], define a
basis {ci} of B(1, λ) as in Lemma 4.4. Define L to be the free k[[t]]-module of rank 2 where the
arrows of kQ/I act via the following matrices: αi = Ei+1,i for all 1 < i < e − 1, αe−1 = Ee+1,e−1,
αe = E1,e, and δ = E(t+λ)(e+1),e ,where Ej,i denotes the matrix sending ci to the cj , and all other
basis elements to 0. L is a k[[t]]⊗ Λ-module, which is free as a k[[t]]-module, L/tL ∼= B(1, λ), and
L/t2L is a non-trivial lift of B(1, λ) over k[[t]]/t2. Therefore R(Λ,M(α)) ∼= k[[t]].

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